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Exercise 2-2 Linear Regression

Let X be a variable providing the data and its occurrences Y':
x 3 4 5 6 7 8
y || 150 | 155 | 150 | 170 | 160 | 175

a) Presume the model exhibits the following linear relation:

yi = fo + frzi = z"w
Use the least squares-estimator introduced in the lecture to determine w.

b) Now, presume the non-linear relation
yi = Bo + brwi + Bor} = 2" w
and, again, determine w.

¢) How could the empiric quadratic error between model and data be visualized? Explain and sketch your
suggestion in two as well as in three dimensions on arbitrary data.

d) Which of the models a) and b) is better? Compute the average quadratic error and evaluate the models. How
could a better model be realized?

Hint: Matrix arithmetic need not be done manually. You can use R, Maple, Octave or Python.



Possible Solution:

The quadratic error is defined as:

In(w) =3 (i — f(@iw))?

We derive Jy(w) w.r.t. w and set the derivative = 0. From this we obtain the following estimator:
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Assuming a linear model, we get: y; = B + B12; = 2w
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The 1 in the first column represents the translation along the y-axis, i.e., the constant bias of the

neuron. The second column represents the data of the input variable x.

(XTX)~1XT is a bit more complicated to compute by hand, but easily done by machine:

095 064 032 0.01

s = (XTX) 1 XTy ~
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134.86

4.57
Hence, the linear model
yi = Bo + Bri = xTw
corresponds to the straight line:
yi = B1 + Brxi = 2Tw = 134.86 + 4.57x;
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Assuming a non-linear model, we get:

1 Z1,1 :r%z
1 x21 1t2
Thus: X = | . S -
1 =z, 3:,2172
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s = (XTX) ' XTy~ | —1.13
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wrs ~ | —1.321
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Hence, the non-linear model:
yi = Bo+ Bixi + fox? = zTw

Possible Solution:

yi = a+ B1x; + Pax? = zTw
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corresponds to the 2nd order polynomial:

yi = Bo + Biz; + Bax? = aTw = 149.5 — 1.321x; + 0.53622
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Possible Solution:

c¢) Visualization of the quadratic error: The error is the sum of deviations from the straight line (or
hyperplane).
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Possible Solution:

d) Computation of the mean squared error (MSE):

Linear model: y; = By + fiz; = 7w = 134.86 + 4.57x;

Non-linear model: y; = By + B17; + fox? = 27w = 149.5 — 1.321x; + 0.53622
n

MSE: MSE(f.g) = E||f(X) = gCOI = Ellf (X) = FEOIP = & - 3 (vi — §:)°

1=
One may reduce the error by extending the model X, e.g., by employing higher order polnymonials.
However, this may cause overfitting.

yi = Bo + Brx;

Yi = Bo + Piz; + Box?
yi = Bo + Bixi + Box? + B}

Yi = Bo + Bz + Box? + Baa? + Baz!
Yi = Bo + Brzi + Box? + B3x} + Bax} + Bsal

Werte:
X 3 4 5 6 7 8
y 150 155 150 170 160 175
| fpoiy1(z) || 148,57 | 153,14 | 157,71 | 162,29 | 166,86 | 171,42 | MSE: 30,71
Foor2(z) || 150,36 [ 152,79 | 156,28 | 160,86 | 166,5 | 173,21 [ MSE: 28.93
€poly3 () MSE: 28,84
€polya (T) MSE: 26,45
€poly5 () MSE: 0
//
/
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Possible Solution
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