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Clusters can be:
» Spherical (A)

» Ellipsoid (C)

» Rotated ellipsoid (B)

But: same formula for each situation!
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Probability Density Function of
multivariate normal distribution:

1
pdf (p, 1, 2) ==

e 3 (== p—m))
2m)|x|

The most essential multi-dimensional
distribution!
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Let us look at this in more detail!

DA



Aufgabe 8-1 +
Aufgabe 8-2

. e_%((p—u)rz_l(P_u))
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1
pdf(p, p, X) :=

e 3 (=)= (p—p))
(2m)d|3|

One-dimensional normal distribution

1
pdf (x, p,0) :=
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1
pdf(p, p, X) :=

e (=)= )
(2m)d%]

One-dimensional normal distribution

1
pdf (x, p,0) :=
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1
pdf(p, p, X) :=

aubl

One-dimensional normal distribution

pdf (x, p,0) :=

normalization and squared distance from mean

=2 (== ()
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1
pdf(p, p, X) :=

aubl

One-dimensional normal distribution

pdf (x, p,0) ==

: ! = s (o)
2m)o

normalization and squared distance from mean

=2 (== ()
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1
pdf(p, p, X) :=

e (=)= )
(2m)d%]

One-dimensional normal distribution

pdf (x, p,0) == !

o e 3 (=)o (a—p)
2m)o

Mahalanobis distance:

dMahaIanobis(xa H, 2) =

V&= @) (x— p)
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1
pdf(p, p, X) :=

aubl

One-dimensional normal distribution

pdf (x, p,0) ==

( ! = (o2 (m)
2m)o

Mahalanobis distance:

dMahalanobis(X; 14, 2)2 = (x— ,U)TE_I(X - 1)

=2 (== ()
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1
pdf(p, p, X) :=

aubl

One-dimensional normal distribution

pdf (x, p,0) ==

: ! = s (o)
2m)o

Mahalanobis distance:

dMahalanobis(X; 14, 2)2 = (x— ,U)TE_I(X - 1)

What is the role of X71?

=2 (== ()
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Covariance matrix is symmetric, and non-negative on
diagonal, therefore can usually be inverted (ignore
constant dimensions).
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Covariance matrix is symmetric, and non-negative on
diagonal, therefore can usually be inverted (ignore
constant dimensions).
They can be decomposed (equivalently):

VAV I =% =

VATlyv T =3t
where V contains the Eigenvectors and A diagonal
containing the Eigenvalues.
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Aufgabe 8-1 +

Covariance matrix is symmetric, and non-negative on
Aufgabe 8-2

diagonal, therefore can usually be inverted (ignore
constant dimensions).
They can be decomposed (equivalently):

VAVi=% = vAlvii=x"!
where V contains the Eigenvectors and A diagonal
containing the Eigenvalues. V = rotation, A = scaling!

(This is the key idea of Principal Component Analysis!)
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_1
Build Q using w; = 1/y/A; = \; 2. Then QQ = AL
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Build 2 using w;

_1
1/vV/Ai=X; ?. Then QQ = AL

sl yA-ly—l = vl yT = VQ(VQ)T
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Build 2 using w;

Aufgabe 8-2

_1
1/vV/Ai =X 2. Then QQ = AL
Aufgabe 8-1 +

sl yA-ly—l = vl yT = VQ(VQ)T
d%/lahalanobis _

(x — M)TE_I(x B ‘u)
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Build 2 using w;

Aufgabe 8-2

_1
1/vV/Ai =X 2. Then QQ = AL
Aufgabe 8-1 +

sl yA-ly—l = vl yT = VQ(VQ)T

d2

Mahalanobis —

(x— M)TVQ(VQ)T(x )
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_1
Build Q using w; = 1/y/A; = \; 2. Then QQ = AL

y ! =vAaTlvT = va'v! = vo(va)’

d2

Mahalanobis — (x - M)TVQ(VQ)T(x - :U’)

= (V)" (x = ), (VO (x — )
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y ! =vAaTlvT = va'v! = vo(va)’
Aufgabe 8-2

d%/lahalanobis =(x— M)TVQ(VQ)T(x — j)

= (V)" (x = ), (VO (x — )
= Ly((V)(x = p))?

_1
Build Q using w; = 1/y/A; = \; 2. Then QQ = AL
Aufgabe 8-1 +
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_1
Build Q using w; = 1/y/A; = \; 2. Then QQ = AL

y ! =vAaTlvT = va'v! = vo(va)’

d%/lahalanobis =(x— M)TVQ(VQ)T(x — j)

— (V) (x = ), (V) (x — )
= L((VO)T (x — 1))?

L, is the L, norm (Euclidean distance d(x,y) = Ly(x — y)!)

DA



Aufgabe 8-1 +
Aufgabe 8-2

_1
Build Q using w; = 1/y/A; = \; 2. Then QQ = AL

y ! =vAaTlvT = va'v! = vo(va)’

d%/lahalanobis =(x— M)TVQ(VQ)T(x — j)

— (V) (x = ), (V) (x — )
= L((VO)T (x — 1))?

L, is the L, norm (Euclidean distance d(x,y) = Ly(x — y)!)
Mahalanobis ~ Euclidean distance after PCA!

DA



Aufgabe 8-1 +

Aufgabe 8-2

Q>



Aufgabe 8-1 +

Aufgabe 8-2

Q>



Aufgabe 8-1 +
Aufgabe 8-2

wi— O

DA



Aufgabe 8-1 +
Aufgabe 8-2

wi— O

DA



(30 iy
ZA—(O 3) DN _(

p—pa=(05,1)

[N )
N——

O Wwl—

dist® = (p — )27 (p — p) ~ 0.41666

Qa0



ot — Z":((3) (3)) 2;1=(

[N )
N——

O Wwl—

p—pua=(05,1)

dist* = (p — 1) =7 (p — ) ~ 0.41666

prob, = 1
Ao
~ 0.04307456

=] & -

1
6_70'41666

Qa0




Aufgabe 8-1 +
Aufgabe 8-2

25@(

0.571428

—0.142857 0.285714

Q>

)




Aufgabe 8-1 +
Aufgabe 8-2

K 0.571428  —0.142857
B ™\ —0.142857 0.285714

P e =(=23,0)
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/ 2?%<0ﬂmm

\

—0.142857
—0.142857 0.285714

P — UB = (_25a0)

dist* = (p — ;1) TS Hp — p) ~ 3.5714285
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’ zpz(QWM%

\

—0.142857
—0.142857 0.285714

P — UB = (_25a0)
dist* = (p — ;1) TS Hp — p) ~ 3.5714285

1
proby ~ o 135714285
(2m)%7

~ 0.01008661

[m]

=
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N~

dist? = (p — 1)TS Y p — p) = 0.390625
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ENE N a»)
N~

dist? = (p — 1)TS Y p — p) = 0.390625

prob,. ~ 1 o~ 20390625
(27)%64
~ 0.01636466

(=] = = =
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A

B

C

size 30%

-

20%

prob ‘0.043075 0.010087 0.016365

50%
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size

-

prob  |0.043075 0.010087 0.016365

score (0.0129220.002017 0.008182



size

sum

T

prob  |0.043075 0.010087 0.016365

score (0.0129220.002017 0.008182
divide by 0.023122



T

size

sum

prob  |0.043075 0.010087 0.016365

score (0.0129220.002017 0.008182

divide by 0.023122
weight|~ 55.9% =~ 8.2% =~ 35.4%
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A

B

C

= prob
\/ size
/ score
—(éll— sum
5 weight
L

20%

0.043075 0.010087 0.016365
30%

50%

0.012922 0.002017 0.008182
divide by 0.023122
~559% ~82% ~35.4%

Point p belongs mostly to cluster A!
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OIdDellzeithfuI geyser data (Iteration 0)
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! Duration
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OIdDellzeithfuI geyser data (Iteration 1):
100

Old Faithful
EM Demo

! Duration
6 u I

=
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OIdDellzeithfuI geyser data (Iteration 2)
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OIdDellzeithfuI geyser data (Iteration 3)
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OIdDellzeithfuI geyser data (Iteration 4)
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OIdDellzeithfuI geyser data (Iteration 5)
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OIdDellzeithfuI geyser data (Iteration 6)
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OIdDellzeithfuI geyser data (Iteration 7):
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OIdDellzeithfuI geyser data (Iteration 8):
100
90
80

70

40

! Duration
6 u I

=

DA



Old Faithful
EM Demo

60

50

OIdDellzeithfuI geyser data (Iteration 9):
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OIdDellzeithfuI geyser data (Iteration 10)
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OIdDellzeithfuI geyser data (Iteration 11)
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OIdDellzeithfuI geyser data (Iteration 12)
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OIdDellzeithfuI geyser data (Iteration 13)
100
90
80

70

40

! Duration
6 u I

=

DA



Old Faithful
EM Demo

60

50

OIdDellzeithfuI geyser data (Iteration 14)
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