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Clusters can be:
I Spherical (A)
I Ellipsoid (C)
I Rotated ellipsoid (B)

But: same formula for each situation!

Let us look at this in more detail!
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Probability Density Function of
multivariate normal distribution:

pdf (p, µ,Σ) :=
1√

(2π)d|Σ|
· e−

1
2 ((p−µ)T Σ−1(p−µ))

The most essential multi-dimensional
distribution!

Let us look at this in more detail!
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normalization and squared distance from mean
Mahalanobis distance:
What is the role of Σ−1?
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Inverse of covariance matrix – Σ−1

Covariance matrix is symmetric, and non-negative on
diagonal, therefore can usually be inverted (ignore
constant dimensions).

They can be decomposed (equivalently):

VΛV−1 = Σ ≡ VΛ−1V−1 = Σ−1

where V contains the Eigenvectors and Λ diagonal
containing the Eigenvalues. V ∼= rotation, Λ ∼= scaling!
(This is the key idea of Principal Component Analysis!)
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Multivariate normal distribution
Inverse of covariance matrix – Σ−1

Build Ω using ωi = 1/
√
λi = λ

− 1
2

i . Then ΩΩ = Λ−1.

Σ−1 = VΛ−1V−1 = VΩΩTVT = VΩ(VΩ)T

d2
Mahalanobis = (x− µ)T(x− µ)

=
〈
(VΩ)T(x− µ), (VΩ)T(x− µ)

〉
= L2((VΩ)T(x− µ))2

L2 is the L2 norm (Euclidean distance d(x, y) = L2(x− y)!)
Mahalanobis ≈ Euclidean distance after PCA!
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sum divide by 0.023122
weight ≈ 55.9% ≈ 8.2% ≈ 35.4%
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