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Given the matrix M:

ܯ ൌ
1 1
1 1
1 െ1

1. Find the eigenpairs for matrix M

i. Compute: ܯ்ܯ ൌ 3 1
1 3

ii. Find eigenvalues:
det ܯ்ܯ െ ߣ · ଶ௫ଶܫ ൌ 0
ଶߣ െ ߣ6 ൅ 8 ൌ ߣ െ 4 ߣ െ 2
ଵߣ	݁ݑ݈ܽݒ݊݁݃݅ܧ ൌ 4	 → ଵߪ	݁ݑ݈ܽݒ	ݎ݈ܽݑ݃݊݅ݏ ൌ ଵߣ ൌ 2
ଶߣ	݁ݑ݈ܽݒ݊݁݃݅ܧ ൌ 2	 → ଶߪ	݁ݑ݈ܽݒ	ݎ݈ܽݑ݃݊݅ݏ ൌ ଶߣ ൌ 2
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iii. Find eigenvectors:

1௦௧݁݅݃݁݊ݎ݋ݐܿ݁ݒ	ݒଵ: ܯ்ܯ െ ଵߣ · ଶ௫ଶܫ ଵݒ ൌ 0 → െ1 1
1 െ1 ଵݒ ൌ 0

ଵݒ ൌ
1
1

௡௢௥௠௔௟௜௭௘
ଵݒ ൌ

1
2
1
2

2௡ௗ݁݅݃݁݊ݎ݋ݐܿ݁ݒ	ݒଶ: ܯ்ܯ െ ଶߣ · ଶ௫ଶܫ ଶݒ ൌ 0 → 1 1
1 1 ଶݒ ൌ 0

ଶݒ ൌ
1
െ1

௡௢௥௠௔௟௜௭௘
ଶݒ ൌ

1
2

െ 1
2

iv. Eigenpairs (eigenvalue, eigenvector):

,ଵߣ ଵݒ ൌ 4,
భ
మ
భ
మ

, ,ଶߣ ଶݒ ൌ 2,
భ
మ

ି భ
మ

3



DATABASE
SYSTEMS
GROUP

Assignment 11-1

2. Find the SVD for the original matrix ܯ ൌ ܷΣ்ܸ

From the results of (1.) we know:

Σ ൌ
2 0
0 2
0 0

ܽ݊݀	ܸ ൌ

1
2

1
2

1
2

െ
1
2
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• How can we find now U? 
Multiply the SVD ܣ ൌ ܷΣ்ܸwith V on each side yields: ܸܣ ൌ ܷΣ

ܷ · Σ ൌ ଶݑ	ଵݑ ௠ݑ	…	 ·
ଵߪ 0 ⋯
0 ଶߪ ⋯
⋮ ⋮ ⋱

ൌ ଵߪ · ଶߪ			ଵݑ · ଶݑ ௥ߪ	…		 · 0…0		௥ݑ
ൌ ܣ · ܣ			ଵݒ · ଶݒ ܣ…		 · 0…0		௥ݒ
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• Compute

ଵݑ ൌ భ
഑భ
· ܣ · ଵݒ ൌ 	

ଵ
ଶ

1 1
1 1
1 െ1

భ
మ
భ
మ

ൌ ଵ
ଶ

మ
మ
మ
మ

ൌ
భ
మ
భ
మ

ଶݑ ൌ భ
഑మ
· ܣ · ଶݒ ൌ

ଵ
ଶ

1 1
1 1
1 െ1

భ
మ

ି భ
మ

ൌ ଵ
ଶ

଴
଴
ଶ
ൌ ଴

଴
ଵ

.
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Σ ൌ
2 0
0 2
0 0

ܸ ൌ

1
2

1
2

1
2

െ
1
2

ܣ ൌ ܯ ൌ
1 1
1 1
1 െ1
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• Having  ݑଵ ൌ
భ
మ
భ
మ

and ଶݑ ൌ
଴
଴
ଵ

we could write now the SVD as follows:

ܯ ൌ ܷΣ்ܸ ൌ

1
2

0 ∗

1
2

0 ∗

0 1 ∗

·
2 0
0 2
0 0

·

1
2

1
2

1
2

െ
1
2

ൌ

1
2

0 ∗

1
2

0 ∗

0 1 ∗

·
2 2
1 െ1
0 0

7

Σ ൌ
2 0
0 2
0 0

ܸ ൌ

1
2

1
2

1
2

െ
1
2

ܣ ൌ ܯ ൌ
1 1
1 1
1 െ1



DATABASE
SYSTEMS
GROUP

Assignment 11-1

ܯ ൌ ܷΣ்ܸ ൌ

1
2

0 ∗

1
2

0 ∗

0 1 ∗

·
2 0
0 2
0 0

·

1
2

1
2

1
2

െ
1
2

ൌ

1
2

0 ∗

1
2

0 ∗

0 1 ∗

·
2 2
1 െ1
0 0

• In the last matrix multiplicationentries in the last column of U get
multiplied by 0
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• How do we compute now ଷݑ as a third orthonormal vector?

• ሼݑଵ, ଶሽݑ is an orthonormal basis for a plane in Թଷ

– To extend ሼݑଵ, to an orthonormal	ଶሽݑ basis for all of Թଷ we need a third 
vector ݑଷ that is normal to this plane

– How? Compute the cross product: ݑଷ ൌ ଵݑ ൈ ଶݑ ൌ

భ
మ
భ
మ

0
ൈ ଴

଴
ଵ
ൌ

మ
మ

ି మ
మ
଴

• Now we have all components:

9

Σ ൌ
2 0
0 2
0 0

ܸ ൌ

1
2

1
2

1
2

െ
1
2

ܷ ൌ

1
2

0
2
2

1
2

0 ି ଶ
ଶ

0 1 0
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3. Compute the one-dimensional approximation of the matrix M

The k-approximated representation is given by ܯ ൎ ܷ௞Σ௞ ௞ܸ
். Set k=1:

ܯ ൎ ܷ௞Σ௞ ௞ܸ
் ൎ

1
2
1
2
0

· 2 · ଵ
ଶ
				 ଵ

ଶ
ൌ

1
2
1
2
0

· ଶ
ଶ
				 ଶ

ଶ
ൌ

1 1
1 1
0 0
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Original matrix ܯ ൌ
1 1
1 1
1 െ1
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• Find the CUR-decomposition of the matrix, when we pick two „random“ 
rows and columns. The columns we pick are Alien and StarWars and the
rows are the ones of Jack and Jill. 

• From the lecture (Ch.7, Sl. 46) we know that the scaled column for Alien 
is: ሾ1.54, 4.63, 6.17, 7.72, 0, 0, 0ሿ். The second column for Star Wars is the 
same. We thus define C as follows:

ܥ ൌ

1.54 1.54
4.63 4.63
6.17 6.17
7.72 7.72
0 0
0 0
0 0
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• The unscaled rows for R are:

ܴ௨௡௦௖௔௟௘ௗ ൌ
5 5
0 0					

5 0
0 4					

0
4

• The probability ௜݌ with which we select row ݅ is given by:

௜݌ ൌ෍
݉௜,௝
ଶ

ܯ ி
ଶ൘

௝

• The square of the Frobenius norm for M is ܯ ி
ଶ ൌ 243

• The square of the Frobenius norm for Jack is: ݓ݋ݎ௝௔௖௞ ൌ ∑ ݉ଷ,௝
ଶ

௝ ൌ 5ଶ ൅ 5ଶ ൅ 5ଶ ൌ 75

• The square of the Frobenius norm for Jill is: ݓ݋ݎ௝௜௟௟ ൌ ∑ ݉ସ,௝
ଶ

௝ ൌ 4ଶ ൅ 4ଶ ൌ 32
• The probability for selecting Jack is: ݌௝௔௖௞ ൌ 75 243⁄ ൌ 0.309
• The probability for selecting Jill is: ݌௝௜௟௟ ൌ 32 243⁄ ൌ 0.132
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• The unscaled rows for R are:

ܴ௨௡௦௖௔௟௘ௗ ൌ
5 5
0 0					

5 0
0 4					

0
4

• Scaling the row for Jack, we divide all its row entries by: 
ݎ ∗ ௝௔௖௞݌ ൌ 2 ∗ 0.309 ൌ 0.786

• Scaling the row for Jill, we divide all its row entries by: 
ݎ ∗ ௝௜௟௟݌ ൌ 2 ∗ 0.132 ൌ 0.514

• This yields the scaled matrix R:

R ൌ 6.36 6.36
0 0 					6.36 0

0 7.78					
0

7.78
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• Now that we have C and R, we construct the
middle matrix U:

• First construct a matrix W from the intersection of
the selected rows from R and the columns from C:

ܹ ൌ 5 5
0 0
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• ܹ ൌ 5 5
0 0

• Take the SVD from W:

ܹ ൌ ܺΣ்ܻ ൌ 1 0
0 1

50 0
0 0

1
2ൗ 1

2ൗ
1

2ൗ െ1
2ൗ

• Taking the Moore-Penrose pseudoinverse of Σ leads to:

Σା ൌ
1

50ൗ 0

0 0
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• Now we can compute ܷ ൌ ܻሺΣାሻ ଶ்ܺ

ܷ ൌ
1

2ൗ 1
2ൗ

1
2ൗ െ1

2ൗ
(
1

50ൗ 0

0 0
) 

ଶ
1 0
0 1 ൌ

1
2ൗ 1

2ൗ
1

2ൗ െ1
2ൗ

1
50ൗ 0
0 0

ൌ
1
50 2ൗ 0

1
50 2ൗ 0
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• Given the matrix ܯ ൌ
ଵସ

ଷ⁄ 6
6 9

• Determine the strongest eigenvector of M using the Power Iteration 
method.
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